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. History .

Def ( Hurewitzj A space
✗
is caved asplen.cat if1936

it is path - connected and Ii =o frail i 72 .

Thm l Hurwitz) If ✗ and Y are aspheical Spare with
the some findentar Snp then ✗ and 9 are

homotopy equivalent .



two maps f- * ✗ → Y are homotopy if there exists
a

map f- : ✗ ✗ tod → Y

s.tt/xxfog--f, and F/✗ ✗a}
= fi

two space
✗ ' fare caned homotopy efwaraknt if

tree exist
maps f- : ✗→ Y adg:Y→x s:\ .

fog tidy and gof I idx .

Def : 1-1*16) = 1-1*(146,1-1) where KCGID

is an asphesical spare
with fundamental fp

doorsovation
-

Htc) = Z .

H , (G) = GIG
.G) .

probing it is hard to calculate Hn for n>2
In general .



Demay : Hopf has a description of HUD using
a preseason of G.

Ff4°s) Algebraic definition of 1-1*1G) a)
.

Applications : ① Calculation of 14+42)
.

Borel . k*⑦④Q

Quillen K* (F) where F- is a
finite field

.

② Munford conjecture "9831.2002

lmadsen - Weiss) stable homnyy of Mapc-ag.DK#PEnD
③ Finiteness properties.

[Eilenberg
- Ganeaaiijetm] If gdG = 2

,
does

Cd G = 2
.

[ Whitehead cogeÉÉe] let ✗ be an aspirin
ow aynex .

is my snbcnpvx of ✗ also

aspired



'997

[Bettina- Rrady] at least one of these two conjecture
fails .

0 . Some homological algebra .

Def : let R be a ring with unit. A cleft )R- module is

an abelian 8pm together with a left action

④ x) → rx of 12 on NS.t.

in r = RDX and

(2) Rts ✗ = vxtsn , rcxty) = 2X try
for an ftp.x.ytm .

(3) 1. X = X for an ✗ EM .

Eye : Every abettor fnp is a 2- - modine
.

in which nx is the usual integer
hwitifhl.nl/--x-----x when u >0 .

~



Def : let tube a left R-module .
A subset Sof M is linearly

indef . lover R) when Isis vs5=0 With Vs E R for aus and

Vs=o for an but finits
, implies rs=o for an S C- S .

Det : A basis of a left b- module M is a linearly
independent af in that generates cspans) M .

A module

is free when it has a basis
,
and it then free on that

basis
.

kenwk-fz.e.lu is free if andong if ME ¥212 for
set I.

bet : A lett R-module p is projective if 4 :p→
N
,

e : M→N are homos and e is smjet.ve , then there is

y :p → M s.t.y-foy.ie the f-Duong diagram counts
.

p
i
4 tie

NEN → o

Remfexe : every tee module is projective



Def : in A graded R-module is a Square
C = (G)

nez
of 12- nodules . If ✗ c- Cn

.
then we

say that ✗ has degree n and write def ✗ =n .

(2) a map of degree p from a graded
R-module c to a graded R-module C' is a

family of maps f- = Cfn : Cn → Cnip )nez

of R-module homomorphisms .

[ def#) = degf -1 deg xD

(3) A chain complex over R is a pair
( C

, d) where c is a graded R-module

and di c → c is a degree -1 S.t.
d2=o

. . → Cnd-5cm
,
→ . - - c.→ - - -

The map di . c.→ c is caned the differential



or boundary operator of c.

[ we often suppress d from the notation and

simply say that c is a chain complex]

(4) girn a chain bynex (C.d) we define
the cycles 2-e) = kerld)

boundaries Be)= imld)

and homology He)= Z%①Hn•d%dn+
,

d} da all*
. → ☐→ z → z → Zk→z→ . - -

n→2h n→ñ ñ→o

2-(c) -
n - o o 22 2-12 Z 0

B¢) - -
^ 0 0 ZZ 42 O

o - .

HCC) o o o o Z o

Def : C is caned exact at Cn if HnH=o

i.e
.

Ker dn = in dna
.



.
. . → C

"

or"→ . -

(f) When we have a graded modules C with an eadssorptis,

d of sfuowe Zero such that d has degree +1 instead of -1 .

In this case we write G- 4)nez and d
"

:c
"

→ d"
.

Such a pair cc, d) is caned a cochain complex .

Sinning .
We define

coyotes : 2-(c) = Kev (d)
cobounbvies : Ba = Imld )

cohomology : Ha = H( (a)nez := lardy
Imd

""

4) It lid) and cc:D') are chain complexes , then a chain

map from C to C
'

is a graded module homomptism f :c→d
of degree o S.t. d'f=fd .

A homotopy h from a chain

map f- to a chain map g is a graded homomorphism
h : C → d of degree 1 St. . dihthd = f-g.
we write fag and say that f- is homotopic to g it
tree is a homotopy from 1- to g.



t.MY : A chain
map f

: c→c
' induces a map% : He)→H④

@
and hit = tug if f- Ig .

proof :@
Weber?

. →Critics -4 cut → - - -

tf Atf 7 tf
- . . → cn-i.DE' ai Cni, → . .

.

Hug = l•t%mdn+D
to show Halo → Hnk) iadueed from f : Cn → Cn'

is weu defined ,
it suffices to show that

113 it ✗ C- Cu
. if dnX)=°. diofcx)=o

(2) it ✗ C- Certify c- Cut, St.

din, lip = f-odum ( choose y = fad .

② let C- till c) .

then f- g¢xD t H
"
d) we have had

ofde-geei-s.tt#-skxD--dn--:.hI!...thn-'id.YEaa
= 0 1- 0=0



Def : The abelian group of homotopy daises of chain maps
C.→ c

'

win denoted by CC , c ']

let
Def : let in .N be Tww k- modules .

The set

HOMRCA , B) = {f- I f : A → B}
of an R-module honompaisns f- of A intro B is an abelian

group , under the addition defined for f.g : A→ B by
f-+g) a = fat flat .

Def: let C. c' be two drain Gnpwxes .
we can define

another chain Complex Homrcc, d) :

Homrcc ,d) u = IT Hompl Cq , Cq '+n) ,9tZ

Dn : Homrcc. d)n → Hour cc. d)n, is definedby
Dnlf) = d

'

f- (4)
"

f- d.

Lemma : The 0 - cycles are precisely the chain maps (→cj, and
the o - boundaries are the nun - honotopic chair

maps .

Thus to ( Homrlc , C'7) = Ec
, c

']

Roof' D.f) = d '

f- - f-d = 0
,

where f- C- IT H°mpfC4.¥
9 EZ

Thus f- is a chain map .



The 0 - bun .days are image of Da :
•

where D.f) = d
'

f- tfd ,

f- t Ti Hom ( Cq , Cq;)
9tz

Thus f- is a chain homotopy from D. f) to 0

This means the o- boundaries are the nun - homotopic drain

maps . ☐

More geneny . here is an iatepretotion of Hnltomncc,

in terms of chain maps .

Consider tie chain complex
t.nl

, d) defied by ⑤c) p
= Cp- n Eid __Ñd

p p-n

This complex is caned the n- fold suspension of c.

[ 4- n=\ , we write -2C instead of Eid
.

let [c.d) i-Ezic.ci
Then we have Hn ( Homrlc,G) = [c. c) n .

The eternity of [ , )n are caned homotopy dats of

chain
maps of defn .



A chain
map f:c → c

'

is caved a homotopy equivalence if there
is a chain

map f
'

:c
'

→ c S.t. f-
'

f- = idc and ff
'
= Tdd .

And a chain
map

is caned a weak equivalence if It : H →

Hey is an isomorphism .

Prof : Amy homotopy equivalence is a weak equivalence .

hlf A chain larynx is caned contractible if it homotopy

efuivdert to the zero complex , i.e. Idc to
.

A homotopy

from Idc to o is called a Contracting homotopy .

C is

cauied again if 1-1*7=0 .


